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1 ¯̄̄KKK���£££ããã

Á^ØÓê�È©�{O�I(f) =
∫ 3

1
f(x)dx �Cq�, Ù¥f(x) = 1

x2 sin 2π
x . 5µI(f) =

−0.238732414637843 · · · .

1!r[1,3]©¤4�f«m§^Ê:Gauss-Legendre ¦Èúª�EÜ¦ÈúªO�"

2!^Romberg ¦È�{O�È©§�ε = 10−7, ¿�1�«�{'�"

2 ���{{{£££ããã

3ê�O��·²~�O�,
È©��, ��5`, éu'�{ü�¼ê�È©5`, ·�

�±ÏLNewton-Leibniz úª���¼ê, ,�2?1O�. �´y¢¥, k
�¹e�¼êA

OE,, k
�ÿ��vk�±)Û��¼ê. ,	, éõ�ÿ·�¿ØI����¼ê�L�

ª, �´F"����È©�(J. 3ù«�¹e, ·�ÒI�^�ê�È©��{5O�È©�

�. ~��ê�È©�{kNewton-Cotesúª!Ez¦Èúª!Gauss¦Èúª!Romberg¦È

�.

2.1 Gauss-Legendreúúúªªª

Gauss¦Èúª�Newton-Cotes úª�«OÒ´, ¦Èúª¥�!:x0, x1, · · · , xn À�

�´[a,b]þ±ρ���n + 1g��õ�ª�":. éu�K¥, du�¼ê�1, Ïd�±À

JLegendreõ�ª��(Legendreõ�ª´[-1,1]þ±ρ(x) ≡ 1���õ�ª). ù�, ·��±�

�Gauss-Legendre¦È�L�ªXe:

∫ 1

−1

f(x)dx ≈
n∑
k=0

Akf(xk) (1)
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Ù¥, Gauss:x0, x1, · · · , xn�n+ 1gLegendre��õ�ªPn+1�":. úª(1)¥�XêAk�L

�ªXe:

Ak =
2

(1− x2
k)[P ′n+1(xk)]2

, k = 0, 1, · · · , n. (2)

½ö

Ak =
2

n+ 1

1

Pn(xk)P ′n+1(xk)
, k = 0, 1, · · · , n. (3)

Ù¥(2)ªÚ(3)ª´�d�, �±ÏLLegendre õ�ª�5���.

Gauss-Legendre¦Èúª¥�!:xkÚXêAk�±¢yO���, XeL¤«.

Table 1: Gauss-Legendre¦È�!:ÚXê

n xk Ak

1 0 2

2 ?0.5773502692 1

3 ?0.7745966692 0.5555555556

0 0.8888888889

4 ?0.8611363116 0.3478548451

?0.3399810436 0.6521451549

5 ?0.9061798459 0.2369268851

?0.5384693101 0.4786286705

0 0.5688888889

6 ?0.9324695142 0.1713244924

?0.6612093865 0.3607615730

?0.2386191861 0.4679139346

3���«m[a,b]þ?1¦È, XJæ^Gauss-Legendre¦Èúª, �±Uìeª?1Cþ

O�,

x =
1

2
(a+ b) +

1

2
(b− a)t (4)

l
�±¦«m[a,b]C��[-1,1], ¿�k

∫ b

a

f(x)dx =
a+ b

2

∫ 1

−1

f

[
1

2
(a+ b) +

1

2
(b− a)t

]
dt (5)

éu�K¥, XJ·�==´æ^Gauss-Legendre¦Èúª�{, �±==�C�

x = 2 + t (6)
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�� ∫ 3

1

f(x)dx = 2

∫ 1

−1

f(2 + t)dt = 2

∫ 1

−1

1

t2
sin

2π

t
dt (7)

�´, ùp·��¦æ^EÜÊ:Gauss-Legendre¦Èúª, I�ò«m[1,3]©�4�f«m, Ï

d, ·�e¡Ò0��eXÛ�EEÜÊ:Gauss-Legendre¦Èúª.

2.2 EEEÜÜÜGauss-Legendre¦¦¦ÈÈÈúúúªªª

·��±w�, XJ���Jp¦Èúª��ê, k�ÿ¿ØU¼�ép�°Ý, �´·��

±æ^EÜ¦È�±Jp¦È©�°Ý. �{´ò��È©«m©¤eZ�f«m(Ï~´�©),

23z�f«mþæ^$��¦Èúª, ù�¦��«m�È©¼��p�°Ý.

�K¥, ·��¦)û�´Ê:Gauss-Legendre¦È�EÜ¦Èúª, ¿�¦ò«m[1,3]©

�4 �f«m, Ïdk

∫ 3

1

f(x)dx =

∫ 3
2

1

f(x)dx+

∫ 2

3
2

f(x)dx+

∫ 5
2

2

f(x)dx+

∫ 3

5
2

f(x)dx (8)

Ù¥, f(x) = 1
x2 sin 2π

x .

�e5, 3z��«mþ,·�©OUìúª(4)?1CþC�, l
�±��

Table 2: Cþ=��(J

x ∈ [a, b] t ∈ [−1, 1] x→ t

x ∈ [1, 3
2 ] t ∈ [−1, 1] x = 1

4 t+ 5
4

x ∈ [ 3
2 , 2] t ∈ [−1, 1] x = 1

4 t+ 7
4

x ∈ [2, 5
2 ] t ∈ [−1, 1] x = 1

4 t+ 9
4

x ∈ [ 5
2 , 3] t ∈ [−1, 1] x = 1

4 t+ 11
4

l
k�§C�

∫ 3

1

f(x)dx =
1

4

∫ 1

−1

f

(
t

4
+

5

4

)
dt+

1

4

∫ 1

−1

f

(
t

4
+

7

4

)
dt

+
1

4

∫ 1

−1

f

(
t

4
+

9

4

)
dt+

1

4

∫ 1

−1

f

(
t

4
+

11

4

)
dt

(9)
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Ù¥, f(x) = 1
x2 sin 2π

x . �âTable 1¥�êâ, éuª(9)¥m>�z��,k

1

4

∫ 1

−1

f

(
t

4
+

5

4

)
dt =

1

4

[
0.2369268851× 16

(5 + 0.9061798459)2
sin

8π

5 + 0.9061798459

+ 0.2369268851× 16

(5− 0.9061798459)2
sin

8π

5− 0.9061798459

+ 0.4786286705× 16

(5 + 0.5384693101)2
sin

8π

5 + 0.5384693101

+ 0.4786286705× 16

(5− 0.5384693101)2
sin

8π

5− 0.5384693101

0.5688888889× 16

(5 + 0)2
sin

8π

5 + 0

]
(10)

1

4

∫ 1

−1

f

(
t

4
+

7

4

)
dt =

1

4

[
0.2369268851× 16

(7 + 0.9061798459)2
sin

8π

7 + 0.9061798459

+ 0.2369268851× 16

(7− 0.9061798459)2
sin

8π

7− 0.9061798459

+ 0.4786286705× 16

(7 + 0.5384693101)2
sin

8π

7 + 0.5384693101

+ 0.4786286705× 16

(7− 0.5384693101)2
sin

8π

7− 0.5384693101

0.5688888889× 16

(7 + 0)2
sin

8π

7 + 0

]
(11)

1

4

∫ 1

−1

f

(
t

4
+

9

4

)
dt =

1

4

[
0.2369268851× 16

(9 + 0.9061798459)2
sin

8π

9 + 0.9061798459

+ 0.2369268851× 16

(9− 0.9061798459)2
sin

8π

9− 0.9061798459

+ 0.4786286705× 16

(9 + 0.5384693101)2
sin

8π

9 + 0.5384693101

+ 0.4786286705× 16

(9− 0.5384693101)2
sin

8π

9− 0.5384693101

0.5688888889× 16

(9 + 0)2
sin

8π

9 + 0

]
(12)
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1

4

∫ 1

−1

f

(
t

4
+

11

4

)
dt =

1

4

[
0.2369268851× 16

(11 + 0.9061798459)2
sin

8π

11 + 0.9061798459

+ 0.2369268851× 16

(11− 0.9061798459)2
sin

8π

11− 0.9061798459

+ 0.4786286705× 16

(11 + 0.5384693101)2
sin

8π

11 + 0.5384693101

+ 0.4786286705× 16

(11− 0.5384693101)2
sin

8π

11− 0.5384693101

0.5688888889× 16

(11 + 0)2
sin

8π

11 + 0

]
(13)

ù�Ò�±��^O���
^Ê:Gauss-LegendreÈ©úª�EÜúª�O�úª.

2.3 RombergÈÈÈ©©©

Romberg ¦È�{´�«ê�È©�\��{, §�±w¤´Richardson 	í�{��«

A~, e¡òRichardson	í�{0�Xe: b½F (h), �h→ 0�kF (h)→ F ∗(F ∗�hÃ'), ¿

k

F ∗ − F (h) =

∞∑
k=1

αkh
pk , 0 < p1 < p2 < · · · (14)

Ù¥pk, αk��hÃ'�~ê, αk 6= 0, h > 1,Kd

F1(h) = F (h)

Fm+1(h) =
Fm(qh)− qpmFm(h)

1− qpm
,m = 1, 2, · · ·

(15)

(½�S�{Fm(h)}k

F ∗ − F (h) =

∞∑
k=1

α
(m+1)
m+k hpm+k , (16)

ª¥α
(m+1)
m+k ��hÃ'��"~ê, 0 < q < 1.
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AO/, XJ·�3Richardson	í�{¥�q = 1
2 , pk = 2k, K�±��Romberg ¦È�

{, =

(T1f)(h) =
h

2

n∑
m=1

[f(xm−1) + f(xm)],

(Tj+1f)(h) =
4j(Tjf)

(
h
2

)
− (Tjf)(h)

4j − 1
, j = 1, 2, · · ·

(17)

3RombergÈ©¥, ·��±Ú\PÒ

T kj f = (Tjf)

(
h

2k

)
, j = 1, 2, · · ·

d¡�Rombergê�, 3�	í�(=T k1 ), kL«3EÜF/úª¥«m[a, b]©¤2k�°, d�

k(17)ª�±L«�

T kj+1f =
4jT k+1

j f − T kj f
4j − 1

(18)

l
, Romberg¦È�{�O�L§Xe:

(1) ¦F/¡ÈT 0
1 f = h

2 [f(a) + f(b)], h = b− a.

(2) ò«m[a,b]©�, ¦Ñü��F/¡È�Ú, P�T 1
1 f , A^úª(18)k

T 0
2 f =

4T 1
1 f − T 0

1 f

4− 1
Simpson¦Èúª

�l = 1, =\(4).

(3) é«m[a,b]�2l�©,ÙÎÜF/¦È�P�T l1f , �Eê�

T k−1
j+1 f =

4jT kj f − T
k−1
j f

4j − 1

dd��T 0
l+1f.

(4) e|T 0
l f − T 0

l+1f | < varepsilon(ýk�½�Ø���), KÊ�O�, ÄK=(3).

�Ø��uε�, ·�Ò�T 0
l+1����½È©��.3�K¥, ·��ε = 10−7, ,�O�Ñ��

�(J.
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3 ���YYY���OOO

·�Äk?�
��Ì¼êquadrature.m, 3p¡½Â
«m[a,b], ¼êL�ª�&E, ,

�©ON^�A�¼ê?1È©¦). Ù¥, N^CompoundGLfive.m ¼êO�Ê:Gauss-

LegendreÈ©úª�EÜúª�O�(J, N^Romberg.m5O�RombergÈ©��. ��O�


�ö(J�g�ýéØ�Ú�éØ�.

�é1��¯K, =Ê:Gauss-LegendreÈ©úª�EÜúª, ·�?�
��¼ê5O�.

(©�¶�CompoundGLfive.m ) T¼êÌ�Ò´O�Ê:Gauss-Legendre È©EÜúª3«

m[a, b] þ��, Ù¥§ko�ëê, ©O´a(«mà:���)!b(«mà:���)!n(EÜ¦

È¥«m©�ãê)!f(�¦È�¼ê�L�ª, ±iÎG�/ª). ù�·�Ò�±�£¦ÈO�

�(J
. 3§S¥, ·�Ì�^ÎÒ¼êL«
�¦È©�¼ê, ¿�ÏL½Ât, �¤
Cþ

O�, �¤
#�È©�¼ê, ,��\Ê:Gauss-Legendre¦Èúª�!:�ÚXê�, ù�Ò

¦Ñ
���«mþ�È©��. ��3	�Ì�¥, ò¤k�«mãþ�È©\Ú, Ò��
�

ª�O�(J. N^�ª�CompoundGLfive(1, 3, 4, ’1/xˆ2*sin(2*pi/x)’).

�éRombergÈ©, ·�Äk?�
¼êCompoundTrapezoid.m5O�EÜF/úª�

È©, Ù¥T¼êk4�ëê, ©O´f,a,b,n. Ù¥f´�¦È©�¼ê(±iÎG�/ªL

«),a!b©O�«m[a,b]�à:, n �EÜ¦È¥«m[a,b]�©�°ê. 3¼ê¥, Ó�, ·�æ^


MatlabS��¼êòiÎGL«�¼ê=z�éY¼ê.T¼ê��£�=�EÜÈ©�(J.

�e5, ·�Uìc¡0��Romberg¦È�{�6§?�
¼êRomberg.m5O�RombergÈ

©, Ù¥, 3T¼ê¥, ·�N^
CompoundTrapezoid.m¼ê5O�¥m^��EÜF/¦

È��. Romberg.m¼ê�k4�ëê, ©O�a, b, epsilon, f. Ù¥, aÚb�«m[a,b]�à:�,

epsilon���Ø�, f ��È©�¼ê, ±iÎG�/ªL�. 3¼ê¥, ·�ÏL��whileÌ�

é�{���6§?1��, �Ø��uepsilon�§SÊ�. Ó�, I�AO�Ñ�´, 3§S¥,

·AOÚ\
��Ý
T, òRombergÈ©¥�z��¥m(JÑP¹
e5.

4 OOO���(((JJJ999ÙÙÙ©©©ÛÛÛ

O��(JXe(ý��I(f) = −0.238732414637843 · · · ):

(1) �·�æ^Ê:Gauss-Legendreúª�EÜúª?1O�, ¿ò«m[1, 3]©�o��

ã�, O��(J�I(f) ≈ −0.238732340666179, ¿��±�ÑT�{�ýéØ�

�7.3971663683281× 10−8, �éØ��3.09851780268281× 10−7.

(2) �·�æ^RombergÈ©�, ·����È©(J�I(f) ≈ −0.238732414621623, ¿�z�

ÚO��(JXTable 3 ¤«, ¿��±�ÑT�{�ýéØ��1.62196922559588× 10−11,
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�éØ��6.79408880464097× 10−11.

Table 3: RombergÈ©�(J

k Tk
1 Tk

2 Tk
3 Tk

4 Tk
5 Tk

6 Tk
7 Tk

8

0 0.096225045
1 0.048112522 0.032075015
2 -0.121371008 -0.177865519 -0.191861554
3 -0.206400287 -0.23474338 -0.238535237 -0.239276089
4 -0.230583448 -0.238644501 -0.238904576 -0.238910438 -0.238909005
5 -0.23669501 -0.238732198 -0.238738044 -0.238735401 -0.238734714 -0.238734544
6 -0.238223125 -0.238732497 -0.238732516 -0.238732429 -0.238732417 -0.238732415 -0.238732414
7 -0.238605097 -0.238732421 -0.238732416 -0.238732415 -0.238732415 -0.238732415 -0.238732415 -0.238732415

ü«�{¤��ê�(Jé'XTable 4 ¤«. l¥�±wÑ, æ^RombergÈ©O��Ø��

�.

Table 4: ü«¦È�{(Jé'

¦È�{ ý� O�¤�(J ýéØ� �éØ�

Ê:Gauss-LegendreEÜ¦È −0.238732414637843 · · · -0.238732340666179 7.3971663683281 × 10−8 3.09851780268281 × 10−7

RombergÈ© −0.238732414637843 · · · -0.238732414621623 1.62196922559588 × 10−11 6.79408880464097 × 10−11

5 (((ØØØ

ÃØ´Ê:Gauss-LegendreEÜÈ©úª, �´RombergÈ©, �öÑU3ép�°Ýe¦

�¼ê�È©, �´lO��(J·���±wÑ, æ^RombergÈ©O���éØ���, ��

Cý�, �Âñ�Ýé¯. Ïd, 3¢S¥æ^Romberg È©��J�Ð.

6 NNN¹¹¹: Matlab§§§SSS

(1) quadrature.m

% ê�È©Úê��©þÅ¢�

% Qun Liu 2014−12−24

clear ;

clc ;

% ½Â�O��¼ê f

f= ’ 1/xˆ2∗ s i n (2∗ pi /x ) ’ ;

% ½Â«m [ a , b ]

a = 1 ;

b = 3 ;

8



% ¦Ê:Gauss−EÜ¦ÈLegendre©¤�f«m ,4

n = 4 ;

fGL = CompoundGLfive (a , b , n , f ) ;

% È©Romberg

% ½ÂØ�

e p s i l o n = 1e−7;

[ fR , T] = Romberg (a , b , eps i l on , f ) ;

% ½Âý�y

y=−0.238732414637843;

% O�ýéØ�Ú�éØ�

fGL abs = abs ( fGL−y ) ;

fGL re l = fGL abs /abs ( y ) ;

fR abs = abs ( fR−y ) ;

f R r e l = fR abs /abs ( y ) ;

disp ( [ ’Ê:Gauss−EÜ¦ÈLegendre©¤( ’ num2str(n) ’ã)��� : ’ num2str( fGL , 1 5 ) ’ , ýéØ�

� ’ num2str( fGL abs , 1 5 ) ’ , �éØ�� ’ num2str( fGL rel , 1 5 ) ] )

disp ( [ ’È©���Romberg : ’ num2str( fR , 1 5 ) ’ , ýéØ�� ’ num2str( fR abs , 1 5 ) ’ , �éØ�

� ’ num2str( fR re l , 1 5 ) ] )

(2) CompoundGLfive.m

N^�ª�: sum=CompoundGLfive(1, 3, 4, ’1/xˆ2*sin(2*pi/x)’);

function sum = CompoundGLfive (a , b , n , f )

% Gauss−Legendre Quadrature

% æ^Ê:Gauss−¦ÈúªLegendre

% Ù¥ , a , �«mb [ a , b�à:� ] , �EÜ¦È¥�©�ãên , ��¦È©�¼ê f

% Qun Liu 2014−12−24

h = (b−a ) /n ;

aa = a : h : b−h ;

bb = a+h : h : b ;

% È©�\È(J

sum = 0 ;

syms t

for i = 1 : n

x2t = 0 .5∗ ( aa ( i )+bb( i ) ) + 0 .5∗ ( bb( i )−aa ( i ) )∗ t ;

f = subs ( f , ’ x ’ , x2t ) ;

f = eval ( [ ’@( t ) ’ , v e c t o r i z e ( f ) ] ) ;

sum = sum + (bb( i )−aa ( i ) ) /2∗0 .5∗ ( bb( i )−aa ( i ) ) ∗ ( f (0 .9061798459)

∗0 . 2 3 6 9 2 6 8 8 5 1 . . .

+ f (−0.9061798459) ∗0.2369268851 + f (0 .5384693101) ∗0 . 4 7 8 6 2 8 6 7 0 5 . . .

+ f (−0.5384693101) ∗0.4786286705+ f (0 ) ∗0.5688888889 ) ;

end

(3) CompoundTrapezoid.m

function r=CompoundTrapezoid ( f , a , b , n)

% Computing Compound Trapezoid In tegra t ion ) ;

% f i s a s t r i ng containing x , denote a funct ion

% Example : ’ x/(4+xˆ2) ’

9



% a , b are the s t a r t and end point of the i n t e r v a l

% n i s the number of smal l segments of i n t e r v a l

% Qun Liu 2014−12−20

f=eval ( [ ’@(x ) ’ , v e c t o r i z e ( f ) ] ) ;

h = (b−a ) /n ;

r = h/2∗( f ( a )+2∗sum( f ( a+h : h : b−h) )+f (b) ) ;

(4) Romberg.m

function [ f , T] = Romberg (a , b , eps i l on , f )

% O�¼ê�È©fRomberg

% a , b �«mà:� ,���Ø�epsi lon , �'u�¼ê fx , iÎG/ª

% f �O��È©�(J , T �O�L§¥¤k�¥m(J

% Qun Liu 2014−12−24

L=1; % «m [ a , b�©��°ê ]

T(1 ,1 )=CompoundTrapezoid ( f , a , b , L) ;

T(2 , 1 )=CompoundTrapezoid ( f , a , b , L+1) ;

T(1 , 2 ) = (4∗T(2 ,1 ) − T(1 ,1 ) ) / (4−1) ;

while (abs (T(1 ,L)−T(1 ,L+1) ) > e p s i l o n )

L = L+1;

T(L+1 ,1) = CompoundTrapezoid ( f , a , b ,2ˆL) ;

for j =1:L

k= L−j +1;

T(k , j +1) = (4ˆ j ∗T(k+1, j ) − T(k , j ) ) / (4ˆ j−1) ;

end

end

f = T(1 , L+1) ;

for j =2:L+1

T( j : L+1, j )=T( 1 : L+2−j , j ) ;

T( 1 : j −1, j ) =0;

end
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