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1 ¯̄̄KKK���£££ããã

�f(x) = x2ln(2 + x), x ∈ [−1, 1], Á¦Ñ�¼êρ(x) = 1 ��Z²�%Cngõ�ª.,	

^Chebyshev�ä?ê��{Ú��{�4�z�{©O�ÑCq�Z��%C�ngõ�ª,

¿xã'�.

2 ���{{{£££ããã

3ê�O��·²~�O�êÆ¼ê��, Ïd�EÑ{ü��O��CqúªÒ�~­

�. ¼ê%CÒ´�éù���¼ê�Cqúª, äN�LãXe:

�F �½Â3«m[a, b] þ�,a¼ê|¤��5�m, Φ �F �f8, éuf ∈ F , ·��

¦p ∈ Φ,¦�p Úf ��3,«Ýþ¿Âe����. Ï~F �C[a, b], L2[a, b]�, Φ �{ü�B

uO��¼ê8Ü, Ï~�õ�ª!knª9n�õ�ª�.

2.1 ���ZZZ²²²���%%%CCC

�f�½Â3[a, b]þ�¢�¼ê,

‖ f(x) ‖2=

√∫ b

a

ρ(x)[f(x)]2dx

�¼êf�2-�ê,Ù¥ρ�[a, b]þ��¼ê.-

L2
ρ[a, b] = {f :‖ f(x) ‖2< inf}

ù��{, L2
ρ[a, b]Ò´���5�m.
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�ϕ0, ϕ1, · · · , ϕn�L2
ρ[a, b]�n+1��5Ã'�¼ê,PΦ = span{ϕ0, ϕ1, · · · , ϕn},=Φ�ϕ0, ϕ1, · · · , ϕn�

�5|Ü. d�?�s ∈ Φ, k

s(x) =

n∑
j=0

ajϕj(x), x ∈ [a, b]. (1)

·�XJPs∗ ∈ Φ´f3Φ¥��Z²�%C, Kk

‖ f − s∗ ‖2= inf
s∈Φ
‖ f − s ‖2 (2)

¯¢þ, ¦s∗�du¦õ�¼ê

F (a0, a1, · · · , an) =

∫ b

a

ρ(x)[

n∑
j=0

ajφj(x)− f(x)]2dx

�4��. ·��±|^õ�¼ê¦4��7�^�

∂F

∂ak
= 0, k = 0, 1, · · · , n.

?1¦), z{��=�

n∑
j=0

(ϕk, ϕj)aj = (f, ϕk), k = 0, 1, · · · , n. (3)

Ù¥,

(ϕk, ϕj) =

∫ b

a

ρ(x)ϕk(x)ϕj(x)dx, (f, ϕk) =

∫ b

a

ρ(x)f(x)ϕk(x)dx.

�§(3)¡�{�§, �¤Ý
�/ªXe:



(ϕ0, ϕ1) (ϕ0, ϕ2) · · · (ϕ0, ϕn)

(ϕ1, ϕ0) (ϕ1, ϕ1) · · · (ϕ1, ϕn)

···

···

···

(ϕn, ϕ0) (ϕn, ϕ1) · · · (ϕn, ϕn)




a0

a1

··
·

an

 =


(f, ϕ0)

(f, ϕ1)

··
·

(f, ϕn)

 (4)

�±wÑ, XêÝ
´��é¡
.

e¡·��âþ¡�0�, ¦)f(x) = x2ln(2 + x), x ∈ [−1, 1], 3�¼êρ(x) = 1 �

3P3 = span{1, x, x2, x3}¥��Z²�%Cngõ�ª. ·��±��{�§Ý
¥����

�Xe:

2



(ϕ0, ϕ0) =
∫ 1

−1
1dx = 2, (ϕ0, ϕ1) =

∫ 1

−1
xdx = 0, (ϕ0, ϕ2) =

∫ 1

−1
x2dx = 2

3

(ϕ0, ϕ3) =
∫ 1

−1
x3dx = 0, (ϕ1, ϕ1) =

∫ 1

−1
x2dx = 2

3 , (ϕ1, ϕ2) =
∫ 1

−1
x3dx = 0

(ϕ2, ϕ2) =
∫ 1

−1
x4dx = 2

5 , (ϕ2, ϕ3) =
∫ 1

−1
x5dx = 0, (ϕ3, ϕ3) =

∫ 1

−1
x6dx = 2

7

(f, ϕ0) =
∫ 1

−1
x2ln(2 + x)dx = 0.406948, (f, ϕ1) =

∫ 1

−1
x3ln(2 + x)dx = 0.213537,

(f, ϕ2) =
∫ 1

−1
x4ln(2 + x)dx = 0.237508, (f, ϕ3) =

∫ 1

−1
x5ln(2 + x)dx = 0.1534560

l
{�§C�


2 0 2

3 0

0 2
3 0 2

5

2
3 0 2

5 0

0 2
5 0 2

7




a0

a1

a2

a3

 =


0.406948

0.213537

0.237508

0.153460

 (5)

�±)�a0 = 0.0124894, a1 = −0.0122489, a2 = 0.572954, a3 = 0.5542580. l
kf(x) =

x2ln(2 + x), x ∈ [−1, 1], 3�¼êρ(x) = 1 �3P3 = span{1, x, x2, x3}¥��Z²�%Cngõ

�ª�

p3(x) = 0.0124894− 0.0122489x+ 0.572954x2 + 0.5542580x3 (6)

2.2 Chebyshev���äää???êêê{{{

Chebyshevõ�ª´3«m[−1, 1]þ�'u�¼êρ(x) = 1√
1−x2

, x ∈ [−1, 1]���õ�ªS

�Tn,ÙL�ª�

Tn(x) = cos(narccosx), n > 0. (7)

Chebyshevõ�ªäk��5, äN5`, k

(Tn, Tm) =

∫ 1

−1

1√
1− x2

Tn(x)Tm(x)dx =


0, n 6= m,

π
2 , n = m 6= 0,

π, n = m = 0.

(8)

,	, I�5¿�´Chebyshevõ�ªäk4íúª

Tn+1(x) = 2xTn(x)− Tn−1(x) (9)

Ù¥, T0(x) = 1, T1(x) = x.
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e¡·�`�eXÛ^2ÂFourier?ê5?1¼ê�%C. XJf ∈ L2
p[a, b], ψj ∈

L2
p[a, b], j = 0, 1, · · · ,���¼ê|,K¡

aj = (f, ψj) =

∫ b

a

ρ(x)f(x)ψj(x)dx, j = 0, 1, · · · (10)

�f�2ÂFourierXê, �A�?ê
∑inf
j=0¡�f�2ÂFourier?ê. 
¼ê��Z²�%C^�

�¼ê|�L«��ÿ, Ù(J�´2ÂFourier?ê�Ü©Ú, =

S∗n(x) =

n∑
j=0

1

‖ ψj ‖22
(f, ψj)ψj(x). (11)

e¡·�Ò^Chebyshev��¼ê|5�f(x)��Z²�%C. |^(11)ªÚChebyshevõ�

ª�4íL�ª(9), ·�k

S∗n(x) =
n∑
j=0

1

‖ Tj ‖22
(f, Tj)Tj(x). (12)

äN�ù�¯Kþ, ·��´ÀJ3gõ�ª?1%C, Ïdùpn = 3. l
k

Tn(n 6 3) =



T0(x) = 1,

T1(x) = x,

T2(x) = 2x2 + 1,

T3(x) = 4x3 − 3x

|^Matlab?§, ·��±��z�c¡�Xê, Ïd���L�ª�

S∗n(x) = 0.2940T0(x) + 0.4051T1(x) + 0.2754T2(x) + 0.1405T3(x)

= 0.2940 + 0.4051x+ 0.2754(2x2 + 1) + 0.1405(4x3 − 3x)

2.3 ������{{{���444���zzz���{{{

·���, 3�å!:����, 'X`Lagrange��{?1���, �gê'�p�,   

¬ÑyRungey�, Ïd·�I���{\±�Ñ. 3þ�g¢�¥, ·�æ^
©ã$g���

�{)ûù�¯K. ùp·���«g´, =À^��å!:?1Lagrange��, äN5`, ·�

¤À�!:x0, x1, · · · , xn ´Chebyshev ��õ�ªTn+1��(duùp�«m�IO/ª��,

Ñ´[-1,1], Ïd·�ØI�?1�I=�).
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·���Tn+1(x)3[-1,1]Skn+ 1�ØÓ�":, =

xi+1 = cos
2i+ 1

2(n+ 1)
π, i = 0, 1, · · · , n. (13)

,�·�UìLanguage��úª?1O�, =

L̃n(x) =

n∑
i=0

f(xi)li(x) =

n∑
i=0

x2
i ln(xi + 2)li(x) (14)

Ù¥

li(x) =

n∏
j=0
j 6=i

x− xj
xi − xj

3 ���YYY���OOO

·�ÏL?�Matlab §S5é�«%C�{?1¦). 3§Sapprox.m¥, 1�Ü©'u

�¼êρ(x) = 1���Z²�%C�ngõ�ª�¦),·�N^
MatlabS�¼êintÚg½Â

ÎÒ¼êÏLÌ�5¦)½È©, ù�Ò�±ÏLÌ�ò(4)ª¤«�{�§�Ý
�§¥��

�þ¦Ñ5, ,�Ò�±N^Matlab��Ø$�¦)ÑXêa0, a1, a2, a3. ¦)ÑXê��, ·�

�±òÙ�\�Z%C¼ê�L�ª¥, ù�Ò��
�Z%C¼ê. ,�Ò�±xãéÙ��

¼ê�ã�?1'�.

3§S�1�Ü©, ·�Ì�´¦)
^Chebyshev?ê5%C¼ê. ·�Ì�|^4í'

Xª(9)5¦z��Chebyshevõ�ª, ,�Uì(10)ªÚ(11)ª5¦)?ê�Xê, ,	5¿�

3(11)ª¥®²�
8�z?n. UìÌ��±òþãXêÚChebyshevõ�ª��¦)Ñ5, �

�r§�3[−1, 1]�¼ê�¦Ñ5=�. Ó�, ·�±�
ù«�{��¼ê�ã�. 3?�ù�

§S�L§¥, 3¦SÈ�du�^��
È©, Ïd·Ò��N^
MatlabS��¼êquad5

¦).

3¦)��{���z�{�%C�, ·Äk?�§S¦)ÑChebyshevõ�ª��, ,�

òù
�����!:D�Lagrangec���f§SLagrange.m¥�, ù�Lagrange.m§SÒ¬

�£�A���(J. 3Ì§S¥, ·|^�£�(J?1xã©Û.

��, ·rn«�{�(J�Ø���¼ê?1
'�, ±�
ýéØ��ã�, d

uf(x) = x2ln(x+ 2)3x = 0?�0, ÏdØBO��éØ�, ���
ýéØ�.
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4 OOO���(((JJJ999ÙÙÙ©©©ÛÛÛ

e¡´·�æ^ØÓ�%C�ª¤���(J, XFigure 1 ¤«. l¥�±wÑ, ÃØ´

�¼êρ(x) = 1 ��Z²�%Cngõ�ª, �´Chebyshev�ä?ê�{, �´��{�4

�z�{, Ñ�Ñ
éÐ�Cq(J.AOI�`²�´, æ^��{�4�z�{�, vk�

)Lagrange��¤Ñy���y�, Ïd�±`, ù«�{�Ð. Ó�·�I��Ñ�´ùA«�

{�´k
�O�, 'X`ÊÏ��¼êρ(x) = 1 ��Z²�%Cngõ�ªI�O��þ'�

õ, '�æ�. �´�·�À^Chebyshev�ä?ê��{�, ·��I�O�{�§Ý
Ìé�

�þ���=�, ØI�?1�õ�O�. æ^��{�4�z�{, ·�¤I��!:��½

�, XJ,	V\!:�´Ø�U�.

Figure 1: �«�{�Cq(J'�

Figure 2 ´A«�{�ýéØ��ã�, l¥�±wÑ�¼êρ(x) = 1 ��Z²�%Cng

õ�ª!Chebyshev�ä?ê�{Ú��{�4�z�{ùn«�{�Ø��´é��, 
�,n

ö�Ø���Øõ3Ó��þ?þ,�´�¼êρ(x) = 1 ��Z²�%Cngõ�ª3à:?�

Ø����
.

5 (((ØØØ

¼ê��Z²�%C´�~k���«ê�O��{, §�±éÐ��Cq�¼ê. ÏL
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Figure 2: �«�{�ýéØ�

·��gþÅ¢S�±wÑ,ÃØ´�¼êρ(x) = 1 ��Z²�%Cngõ�ª, Chebyshev �

ä?ê�{, �´��{�4�z�{, Ñ�Ñ
�¼êéÐ�Cq(J.AOI�`²�´,

æ^��{�4�z�{�, vk�)Lagrange��¤Ñy���y�, Ïd�±`, ù«�{

'Lagrange���{�Ð, Lagrange���{�Ø­½5Ì�´du�å!:E¤�, Ïdùp

·�ÀJChebyshevõ�ª��ÒéÐ�)û
��!:�å¤�5�¯K. Ó�·�I��Ñ

�´ùA«�{�´k
�O�, 'X`ÊÏ��¼êρ(x) = 1 ��Z²�%Cngõ�ªI�

O��þ'�õ, '�æ�. �´�·�À^Chebyshev �ä?ê��{�, ·��I�O�{�

§Ý
Ìé��þ���=�, ØI�?1�õ�O�. æ^��{�4�z�{, ·�¤I��

!:��½�, XJ,	V\!:�´Ø�U�. lØ���Ýw,ùn«�{�Ø�Ñ'��.

6 NNN¹¹¹: Matlab§§§SSS

(1) approx.m

% O� f ( x )=xˆ2∗ ln (2+x )��Z²�%Cngõ�ª�¼ê , rho ( x )=1

% Author : Qun Liu

% Time : 2014−12−11

clear ;

clc ;

close a l l ;

% ½Âõ�ª��ê�3(n=4) .

n = 3 ;

N = n+1;

% ¼ê��I�x

xx = −1 :0 . 01 : 1 ;

% ¼ê f ( x )��

f = xx .ˆ2 .∗ log (2+xx ) ;
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%% O��¼ê�rho ( x )��Z²�%Cngõ�ª=1

b = zeros (N, 1 ) ;

A = zeros (N, N) ;

% ½ÂÎÒCþ , ^u¦½È©

syms x

% ½ÂÎÒ¼ê , �%C��¼ê f

F = xˆ2∗ log (2+x) ;

for i = 1 :N

for j = i :N

A( i , j ) = i n t (xˆ( i −1)∗xˆ( j−1) , −1, 1) ;

i f i ˜=j

A( j , i ) = A( i , j ) ;

end

end

b( i ) = i n t (F∗xˆ( i −1) , −1, 1) ;

end

% �Z²�%Cngõ�ª�Xê

a = A\b ;

%% �Z²�%Cngõ�ª

y1=0;

for i = 1 :N

y1 = y1 + a ( i ) .∗ xx . ˆ ( i −1) ;

end

figure ,

set ( gcf , ’ o u t e r p o s i t i o n ’ , get (0 , ’ s c r e e n s i z e ’ ) ) ;

subplot ( 2 , 2 , 1 ) ,

plot ( xx , f , ’− ’ , xx , y1 , ’ r− ’ , ’ l i n ew id th ’ , 2) ;

%p lo t ( xx , [ f ; y1 ] , ’ l inewidth ’ , 2) ;

h = legend ( ’ $ f ( x )=xˆ2 ln (2+x) $ ’ , ’ $p 3 (x ) $ ’ ) ;%Cubic\ polynomial\ of \ bes t \ square\

approximation\

%h = legend ( ’ $ f ( x )=xˆ2 ln(2+x)$ ’ , ’ Cubic\ polynomial\ of \ bes t \ square\ approximation\

$p 3 ( x )$ ’ ) ;

set (h , ’ I n t e r p r e t e r ’ , ’ Latex ’ , ’ FontSize ’ ,14 , ’ FontWeight ’ , ’ bold ’ , ’Box ’ , ’ o f f ’ , ’ Locat ion

’ , ’ Best ’ )

%t i t l e�¼ê��Z²�%Cngõ�ª�'� ( ’ ’ , ’ FontSize ’ ,14 , ’ FontWeight ’ , ’ bold ’ ) ;

hx = xlabel ( ’ $x$ ’ ) ;

hy = ylabel ( ’ $y$ ’ ) ;

set ( [ hx , hy ] , ’ I n t e r p r e t e r ’ , ’ Latex ’ , ’ FontSize ’ ,14 , ’ FontWeight ’ , ’ bold ’ )

%% Chebyshev �ä?ê

syms x

T0 = sym( ’ 1 ’ ) ;

T1 = x ;

% a ´2ÂFp�?ê�Xê

a2 = zeros (N, 1) ;

% ��¼êrho

rho = 1/ sqrt(1−xˆ2) ;

%a2(1) = in t ( rho∗F∗T0,−1 ,1)/pi ;

a2 (1) = quad( eval ( [ ’@(x ) ’ , v e c t o r i z e ( rho∗F∗T0) ] ) ,−1 ,1)/pi ;
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a2 (2) = quad( eval ( [ ’@(x ) ’ , v e c t o r i z e ( rho∗F∗T1) ] ) ,−1 ,1) /( pi /2) ;

% ´¼ê�£�y2

y2 = 0 ;

y2 = y2 + a2 (1) ∗1 + a2 (2) ∗xx ;

for i = 3 :N

T2 = 2∗x∗T1−T0 ;

T = eval ( [ ’@(x ) ’ , v e c t o r i z e (T2) ] ) ;

a2 ( i ) =quad( eval ( [ ’@(x ) ’ , v e c t o r i z e ( rho∗F∗T2) ] ) ,−1 ,1) /( pi /2) ;

%y2 = y(2) + a( i )∗ subs (T2, xx ) ;

T0 = T1 ;

T1 = T2 ;

y2 = y2 + a2 ( i )∗T( xx ) ;

end

subplot ( 2 , 2 , 2 )

plot ( xx , f , ’− ’ , xx , y2 , ’ r− ’ , ’ l i n ew id th ’ , 2) ;

%p lo t ( xx , [ f ; y1 ] , ’ l inewidth ’ , 2) ;

h = legend ( ’ $ f ( x )=xˆ2 ln (2+x) $ ’ , ’ Chebyshev $S 3 ˆ∗$ ’ ) ;

set (h , ’ I n t e r p r e t e r ’ , ’ Latex ’ , ’ FontSize ’ ,14 , ’ FontWeight ’ , ’ bold ’ , ’Box ’ , ’ o f f ’ , ’ Locat ion

’ , ’ Best ’ )

%t i t l e�¼ê�( ’�ä?êChebyshev (n=3)�'� ’ , ’ FontSize ’ ,14 , ’ FontWeight ’ , ’ bold ’ ) ;

hx = xlabel ( ’ $x$ ’ ) ;

hy = ylabel ( ’ $y$ ’ ) ;

set ( [ hx , hy ] , ’ I n t e r p r e t e r ’ , ’ Latex ’ , ’ FontSize ’ ,14 , ’ FontWeight ’ , ’ bold ’ )

%% ��{�4�z{

k = 0 : n ;

xn = cos ( (2∗k+1) . / (2∗N) .∗ pi ) ;

y3 = Lagrange (n , xn , xx ) ;

subplot ( 2 , 2 , 3 ) ,

plot ( xx , f , xx , y3 , ’ l i n ew id th ’ , 2) ;

%p lo t ( xx , [ f ; y1 ] , ’ l inewidth ’ , 2) ;

h = legend ( ’ $ f ( x )=xˆ2 ln (2+x) $ ’ , ’ $\ t i l d e {L} 3 (x ) $ ’ ) ;

set (h , ’ I n t e r p r e t e r ’ , ’ Latex ’ , ’ FontSize ’ ,14 , ’ FontWeight ’ , ’ bold ’ , ’Box ’ , ’ o f f ’ , ’ Locat ion

’ , ’ Best ’ )

%t i t l e�¼ê���{�4�z{( ’ (n=3)�'� ’ , ’ FontSize ’ ,14 , ’ FontWeight ’ , ’ bold ’ ) ;

hx = xlabel ( ’ $x$ ’ ) ;

hy = ylabel ( ’ $y$ ’ ) ;

set ( [ hx , hy ] , ’ I n t e r p r e t e r ’ , ’ Latex ’ , ’ FontSize ’ ,14 , ’ FontWeight ’ , ’ bold ’ )

%% ±�n«�{é'�ã�

subplot ( 2 , 2 , 4 )

plot ( xx , f , ’− ’ , xx , y1 , ’ : ’ , xx , y2 , ’−. ’ , xx , y3 , ’ l i n ew id th ’ , 2) ;

%p lo t ( xx , [ f ; y1 ] , ’ l inewidth ’ , 2) ;

h = legend ( ’ $ f ( x )=xˆ2 ln (2+x) $ ’ , ’ $p 3 (x ) $ ’ , ’ Chebyshev $S 3 ˆ∗$ ’ , ’ $\ t i l d e {L} 3 (x ) $ ’ ) ;

%Cubic\ polynomial\ of \ bes t \ square\ approximation\

set (h , ’ I n t e r p r e t e r ’ , ’ Latex ’ , ’ FontSize ’ ,14 , ’ FontWeight ’ , ’ bold ’ , ’Box ’ , ’ o f f ’ , ’ Locat ion

’ , ’ Best ’ )

hx = xlabel ( ’ $x$ ’ ) ;

hy = ylabel ( ’ $y$ ’ ) ;

set ( [ hx , hy ] , ’ I n t e r p r e t e r ’ , ’ Latex ’ , ’ FontSize ’ ,14 , ’ FontWeight ’ , ’ bold ’ )

set ( gcf , ’ PaperPositionMode ’ , ’ auto ’ ) % Use screen s i z e
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% �<ã¡

print −djpeg −r300 approx . jpeg ;

%% Ø�

% ýéØ�

figure ,

set ( gcf , ’ o u t e r p o s i t i o n ’ , get (0 , ’ s c r e e n s i z e ’ ) ) ;

plot ( xx , abs ( [ f−y1 ; f−y2 ; f−y3 ] ) , ’ LineWidth ’ ,2 )

h = legend ( ’ $ | f ( x )−P 3 (x ) | $ ’ , ’ $ | f ( x )−S 3 ˆ∗(x ) | $ ’ , ’ $ | f ( x )−\ t i l d e {L} 3 (x ) | $ ’ ) ;

set (h , ’ I n t e r p r e t e r ’ , ’ Latex ’ , ’ FontSize ’ ,14 , ’ FontWeight ’ , ’ bold ’ , ’Box ’ , ’ o f f ’ , ’ Locat ion

’ , ’ Best ’ )

t i t l e ( ’The abso lu te e r r o r between d i f f e r e n t methods ’ , ’ FontSize ’ ,14 , ’ FontWeight ’ , ’

bold ’ ) ;

hx = xlabel ( ’ $x$ ’ ) ;

hy = ylabel ( ’ $y$ ’ ) ;

set ( [ hx , hy ] , ’ I n t e r p r e t e r ’ , ’ Latex ’ , ’ FontSize ’ ,14 , ’ FontWeight ’ , ’ bold ’ )

set ( gcf , ’ PaperPositionMode ’ , ’ auto ’ ) % Use screen s i z e

% �<ã¡

print −djpeg −r300 approxabserror . jpeg ;

(2) Lagrange.m

function f=Lagrange (n , xn , x )

% ��¼êLagrange , ���!:��ên , ��¦�¼ê:��x

% Qun Liu 2014−12−13

f = zeros ( s ize ( x ) ) ;

for i = 1 : n+1

l i = 1 ;

for j = 1 : n+1

i f i ˜=j

%l i = l i ∗ ( x ( k )−xn( j ) ) /(xn( i )−xn( j ) ) ;

l i = l i .∗ (x−xn ( j ) ) /( xn ( i )−xn ( j ) ) ;

end

end

%f ( k )= f ( k )+l i ∗1/(1+25∗xn( i ) ˆ2) ;

f = f+ l i ∗xn ( i ) ˆ2∗ log ( xn ( i )+2) ;

end

10


