
������{{{þþþÅÅÅ¢¢¢SSS���www

666¶¶¶:444+++ ÆÆÆÒÒÒ:2014211591 ���XXX: ///ÆÆÆ¥¥¥%%%

Email: liu-q14@mails.tsinghua.edu.cn

(�©�dLATEX?�)

1 ¯̄̄KKK���£££ããã

�f(x) = 1
1+25x2 , x ∈ [−1, 1], �xj = −1 + 2j

n , j = 0, 1, · · · , n.�·��n('Xn = 10, 20, · · ·

�)§Á¦ÑngLagrange ��õ�ªLn(x),©ã�5��¼êIh1 (x) Úng�^��¼êSh
3 (x)

(æ^g,>.^�), xÑ§��ã�, ¿é(J���'�`².

2 ���{{{£££ããã

3«m[-1,1]þ, ·��xj = −1 + 2j
n , j = 0, 1, 2, · · · , n§ÏL3xj:�¼ê�f(xj) =

1
1+25x2

j
5é�¼ê?1��§·�P��¼ê�g(x)§�¦§÷vXe^�µ

g(xj) = f(xj) =
1

1 + 25x2j
, j = 0, 1, 2, · · · , n. (1)

d=���¼ê�÷v���^�, 
�·��±ÏLØÓ��{5�EØÓ���¼ê, '

XLagrange��, ©ã�5��, ng�^���, e¡·�ò��0�.

2.1 Lagrange������{{{{{{000

Lagrange��´�«õ�ª����{, §ÏL�ELagrange��Ä¼ê?1��, ��5

`, ng��õ�ªLn(x)÷v

Ln(x) =

n∑
i=0

f(xi)li(x) (2)

Ù¥,

f(xi) =
1

1 + 25x2i
, i = 0, 1, 2, · · · , n.

1



±9��Ä¼ê

li(x) =

n∏
j=0
j 6=i

x− xj
xi − xj

(3)

Ó�li(x)÷vXe^�:

li(xj) = δij =

 1 , i = j

0 , i 6= j
(4)

·�2�â(2)ª?1Lagrange��¼ê§S�?�, ÏLA�Ì�=�¢y.

nØþ, �½«m[-1, 1]þ���!:�ê�õ(=n��), Lagrange���°Ý�p, =��

¼êLn(x)U�Ð/%Cý¢�¼êf(x). �´¢Sþ¿�Xd, Runge uy, 3Lagrange��¥,

n ¿Ø´���Ð, �né��, �,30NC��¼êUéÐ/Cq�¼ê, �´3«m�à:N

C¬�)r����, ù«y�Ò��Rungey�. Ïd^pg���õ�ªLn(x)5Cqf(x)¿

Øo´Ð�, Ïd<�ÀJ��õ�ª���ØÀJpgõ�ª,
´ÀJ©ã$g��, ù��

���J  ´�~Ð�§Ï�$gõ�ªÒU3��é��«mþ°(/�x�¼ê, l
U


�Ñpgõ�ª���f:§��-<÷¿��J.

2.2 ©©©ããã���555������{{{000

©ã$g���)©ã�5��!©ãngHermite ��!ng�^���"cü«��

¼êÑäk��Âñ5§�´1w5��. ÙÌ�g�Ò´��ÑLagrangepg��¤�5

�Rungey�.y3·�ò©ã�5��0�Xe.

«m[-1, 1]þ�©ã�5¼êIh1 (x)A÷v:

(1) Ih1 (xj) = f(xj), j = 0, 1, · · · , n

(2) Ih1 (x) ∈ C[−1, 1];

(3) 3z��«m[xj , xj+1], (j = 0, 1, · · · , n− 1)þIh1 (x)´�5õ�ª.

y3·�Ò5�E«m[-1, 1]þ÷v±þ^��©ã�5��¼êIh1 (x). ·��3�«

m[xj , xj+1]þ, g(x) kXe�/ª:

Ih1 (x) = ajx+ bj (5)

2�âIh1 (x)÷v��^�, k

Ih1 (xj) = ajxj + bj = f(xj)

Ih1 (xj+1) = ajxj+1 + bj = f(xj+1)
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aj =
f(xj+1)− f(xj)

xj+1 − xj
, bj = f(xj)− ajxj (6)

�â(5)ªÚ(6)ª·��±?�'u©ã�5���§S?1O�.

2.3 nnnggg���^̂̂������{{{{{{000

ng�^��¼êS(x)´d©ãng¼ê­�©��¤�, 3«m[-1, 1]þA÷v±e^�:

(1) S(x) ∈ C2[−1, 1];

(2) S(x) 3z�f«m[xj , xj+1](j = 0, 1, · · · , n− 1)þ´ngõ�ª;

(3) S(x) ÷v��^�, =S(xj) = f(xj), j = 0, 1, · · · , n.

duz�«m�ngõ�ªI�o�ëê, n + 1�!:�±(½n�«m, ÏdI�k4n�

^�âU(½�§|¤k���ê.y3·���®²÷v�^�k

S(x−j ) = S(x+j ) (7)

S′(x−j ) = S′(x+j ) (8)

S′′(x−j ) = S′′(x+j ), j = 1, 2, · · · , n− 1. (9)

3\þ��^�S(xj) = f(xj) = 1
1+25x2

j
, o�k4n− 2�^�. du�§÷vg,>.^�,=

S′′(x0) = S′′(−1) = 0, S′′(xn) = S′′(1) = 0 (10)

·�b�3«m[-1, 1]þ?1¿©, Ù¥hj = xj+1 − xj , j = 0, 1, · · · , n − 1., Ó�, �Mj =

S′′(xj), j = 0, 1, · · · , n. 3z�f«m[xj , xj+1](j = 0, 1, · · · , n− 1)þ´��ngõ�ª. |^�

�^�S(xj) = f(xj) = 1
1+25x2

j
, ·��±��

S(x) = Mj
(xj+1 − x)3

6hj
+Mj+1

(x− xj)3

6hj
+

(
f(xj)−

Mjh
2
j

6

)
xj+1 − x

hj

+

(
f(xj+1)−

Mj+1h
2
j

6

)
x− xj
hj

, x ∈ [xj , xj+1].

(11)

ù´ng�^��¼êS�L�ª, �´ª¥�Mj(j = 0, 1, · · · , n)´���. e¡ÒI�(

½Mj .

ÏLò^�(8)A^�(11)ª¥, Kk
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µjMj−1 + 2Mj + λjMj+1 = dj , j = 1, · · · , n− 1. (12)

Ù¥

µj =
hj−1

hj−1 + hj
, λj = 1− µj =

hj
hj−1 + hj

,

dj = 6f [xj−1, xj , xj+1] =
6

hj−1 + hj

(
f(xj+1)− f(xj)

hj
− f(xj)− f(xj−1)

hj−1

)
.

du(12)ª¥k��êM0,M1, · · · ,Mn�On + 1�, ��§�ê�n − 1 �, Ïd·�2|

^g,>.^�(10),k

M0 = 0,Mn = 0

. ò(12)ª�¤Ý
�/ª, k



2 λ1

µ2 2 λ2

· · · · · · · · ·
µn−2 2 λn−2

µn−1 2





M1

M2
··
·

Mn−2

Mn−1


=



d1

d2

··
·

dn−2

dn−1


(13)

·�é�§(13)¦)=���M1,M2, · · · ,Mn−1.

3 ���YYY���OOO

·�ÏL?�Matlab§S5?1Lagrange��, ©ã�5��Úng�^���O�

ó�. 3·��§S©�¥interplotion runge.m©�´Ì§S©�. §©ON^n�f¼

êLagrange.m, piecewise linear interp.m Úspline interp.m 5©O?1Lagrange��,©ã�5

��Úng�^��, Ó��âz�f§S�£�(J, ±�f(x)Ú�A���(J�ã�, ��

òã�ÑÑ. �,3?1��¥, ·�ÀJ
ØÓ�ê���!:?1, ±B�¡?1©Ûé'.

Lagrange.m©�´O�ngLagrange��õ�ªLn(x)�f§S©�, �§?��x ∈

[−1, 1]�ê�½ö3T«m���þ, d§Sò�£Ln(x) ��½ö´���þþ�Ln(x)�.

3Lagrange���f§S¥, ·Ì�´A^
Ì�5�ELagrange��Ä¼ê, 3Ì�¥, Ó�ò

�¦�:?�¼ê�O�Ñ5.

piecewise linear interp.m ©�´©ã�5���§S, 3§S¥, ·k�ä�¦�:¤á�

��«m[xj , xj+1], ,�3ù�«mþUì(5)ªÚ(6)ª�EÑ�5��¼ê, ¦)Ñ�¦:?�
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¼ê�.

spline interp.m ´ng�^���§S, 3ù�§S¥, ·�N^
��f§Scalc M.m5

O�(13)ª¥Ñy�Mj , �,, du�¦)��§´��né��§, Ïd·��±ÏLJ

`{5¦), 3ùp, ·��¦^
Matlabp¡S��¼ê?1¦). 3O�ÑMj ��,

3spline interp.m ¥, ·�´k�ä�¦�:��¤á���«m, ,�3ù�«mþ�E��

¼ê(11), ,�O�ÑT:�¼ê�.

��·�én«���{?1
'�, ±�
n«ã�3��!:�ê�11����éØ�

ÚýéØ��ã�, �§SinterpDiff.m. ·�òù
ã�x3
�Üãp, Bué'©Û.

4 OOO���(((JJJ999ÙÙÙ©©©ÛÛÛ

Figure 1: f(x) = 1
1+25x2Ún = 10, 15��Lagrange��¼êL10(x), L15(x)

3Figure 1¥, Xã~¤«, 7Ú�­��Lf(x)­�, ÉÚ�­��LL10(x)�­�, ùÚ

�­��LL15(x)�­�. l¥�±wÑLagrange��¼ê��¼êüö�m30NCé�C,

�´3à:NCké���O§Ñyî­���y�§=Ñy
¤¢�Rungey�. �·�?

�ÚO\��!:��ê, XO\�n = 20�, XFigure 2 ¤«, d�3x = −1 Úx = 1NC,

Lagrange���¼ê�ì� l
�¼ê�¼ê�, Ø��~�. du��¼ê�'�¼ê��

éõ, Ïd3ã¥�¼êw±5�²�.

lFigure 3 ¥·��±wÑ,éu©ã�5��5`, 3zü���!:�mÑ´�5�, 


����!:�êé��, ����Jé�, �X��!:�ê�O\, ©ã�5���(J�°

(. ���!:��êO\�n = 50�, ����J®²�~Ð
.
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Figure 2: f(x) = 1
1+25x2Ún = 20��Lagrange��¼êL20(x)

Figure 3: f(x) = 1
1+25x2Ú��!:�êCz��©ã�5��¼ê
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Figure 4: f(x) = 1
1+25x2Ú��!:�êCz��ng�^��¼ê

lFigure 4 ¥·��±wÑ,éung�^��5`, 3zü���!:�mÑ´ngõ�

ª, Ïd'�1w. �X��!:�ê�O\, ng�^���(J�°(.

Figure 5: ��¼ê�ýéØ�(a) n«��¼êLn(x), I
h
1 (x)ÚS(x)ýéØ��é'; (b)©ã�5���

ng�^���ýéØ�é';(c)n«��¼êLn(x), I
h
1 (x)ÚS(x)�éØ��é'; (d)©ã�5���n

g�^����éØ�é'

�e5, ·�éùn«�{���Ø�?1©Û, ©OéýéØ�Ú�éØ�?1©Û,

XFigure 5¤«. Figure 5(a)(b)´ýéØ��é', (c)(d)´�éØ��é'. l(a)(c)¥�±w

Ñ, ÃØ´�éØ��´ýéØ�, Lagrange���°Ý���$u©ã�5��Úng�^�

��°Ý. l(b)(d)¥�±wÑ, ©ã�5��Úng�^���°Ý3��!:��ê'�õ

��ÿ'��C, cÙ´�X��!:�ê�O\, �ö�°ÝÑ¬'�p, �´©ã�5���
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5 (((ØØØ

���{¥�Ä��´õ�ª��§
·��±ÏLLagrange õ�ª5�B�¢yù«

���ª. nØþ·��â�½«mþ��½�!:�Ñ���õ�ªLn(x)Cquf(x), 
õ

�ªLn(x)�gên�p%Cf(x)�°ÝÒ�Ð. �¢Sþé?¿���!:, �n → +∞ ��

ÿLn(x)Ø�½Âñ�f(x), 
´k�¬3��«m�üà:NC¬Ñyî­�Ln(x)  lf(x)

�y�§=¤¢�Runge y�"Ïd^pg��õ�ªLn(x)Cqf(x)��J¿Øo´Ð�, 


·�ÏL�gÁ�¥�¢SO�uyé�gÁ�¥�¼ê(¢Ñy
Runge y�, ��(JéØ

-<÷¿. �e5·�æ^
©ã$g��¥�©ã�5��Úng�^��, �±wÑ, ùü

«���{Ñvk�)Runge y�, 
��X��!:�ê�O\, ���J�5�Ð. �´·

��A5¿�, ���!:�ê'�$�, ©ã�5����J'��, Ø1w, 
ng�^��

�±
1w5.Ïd, 3¢S¥,ÀJng�^���J�Ð.
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