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Buoyancy waves: Show that small amplitude waves in a Boussinesq fluid with constant buoyancy
frequency N rotating about a vertical axis satisfy the dispersion relation

w? = N?cos?0 + 402sin?0

where (2 is the rate of rotation and 6 is the inclination of the wave vector k = (k,l,m) to the
horizontal.

Solution: Rewrite for the inviscid flow

Du
p(DtJrfxu):—Vpﬂ)g (4)
Consider a basic state w = 0, p = p(z),p = p(z) with perturbation p’, v’ = (v/,v’,w’) and p’. Use
the Boussinesq approximation (p(z) = po, p, # 0) and put them all into the governing equations,
hence

pouy — pofov' +pl, =0
povi + pofou' +pj, =0
pow, +pl, +p'g=0

/ / r
Uy + v, +w, =0

CRCECHCHC)

py +w'p. =0
The buoyancy frequency N is defined as

Po
D2+@y =
po(uy +vy)e = pofo(vy — uy) + Py + 1y =0 @
Qe-Oy =
po(vy —uy)e + pofoluy +v,) =0 @
Use @), hence

Use ® and 9), hence
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(M and use @ and {0, hence
—po(Whyy + fEWL) + Dy + p;/yt =0 O

Use ® and ©), hence

B =
Pszlrt +plzt + P;g =0

Combine above two equations, hence

PO(wzltt —l—w'N2) +plzt =0 @

0,.,+0,-0,=
(Why + Wy, + W, ) + NP (Wh, + ) + fow'zz=0 ©
Try a solution w’ = wg exp(ikz + ily + imz — iwt), and plug in to 3, hence
R+ P 4+m?) = N2 (K2 +1?) — fZm?> =0

o NP 1 fim?

k2 + 12 +m?

Figure 1: The illustration of horizontal angle 6.

As the Figure [T] shown,

m Vk2 4+ 12

sinf = ——— cosf =

VEZ + 12 +m?’ VEZ + 12+ m?2
Plug into and use fo = 212, hence

w? = N?cos20 + 402%sin?0

2 The vorticity equation: Stating any assumptions that you make, derive the vorticity equation

D¢

1
T (22 +¢) - V)u + ?(Vp x Vp) + V¢



for a stratified incompressible fluid in a rotating frame where v = p/p is the kinematic viscosity.

Solution: According to the governing equations for the incompressible fluid listed in the beginning,
equation can be rewritten as

D
D—?+29xu—fpr+g+l/V2 (6)
1
%l;—i—(u V)u+29xu——;Vp+g+vV2u (7)
where v = pu/p.
Recall that
(=Vxu (8)
1 2
ux (= §V\u| —(u-Vu 9)
=-V(¢— o) (10)
Using @D and , equation @ can be rewritten as
ou 5 9
i V|u\ —uxC+2ﬂ><u——pr V(¢ —¢c) +vViu (11)

Take the curl of equation ,

1
V x <8u+ V|u|2—u><C—|—2Q><u) =V x (—pr—V(¢—¢c)+uV2u)

ot
LHS:%—Vx(uxC)Jer(QQXu)
:%*u(v.C)+C(v.u)f(C.v)u+(u.v)C+2Q(v.u)—u(v.m)ﬂu.v)m,(m.v)u
:%JF(QQJFC)(V.’U,)7((2Q+C),V)u+(u.v)c

where V- ¢ =V - (Vxu)=0,V-2Q=0,(u-V)2Q =0 (For Q is a constant vector locally ).
In addition, the fluid is incompressible, so holds, hence

_ D¢
LHS = ﬁ—((2Q+C)-V)u

1
RHS:0+?Vp><Vp+O+1/V><V2u+uv2§’
1 2 2

From RHS = LHS, we could get

%f —((22+¢)-V)u = %Vp x Vp+vV?¢ + vV
D 1
2€ —(2024+¢) Vyu+ VP x VpuC



3 Ekman spirals: Wind blows over an ocean and imparts a stress 7 on the surface. Taking into ac-
count the effects of rotation, determine the velocity profile in the resulting boundary layer. (Assume
that there is no ocean current at depth). Determine the depth averaged velocity and comment on
the angle between this and (a) the wind and (b) the surface ocean current.

Solution: Supposing that u is horizontal and is only a function of z, not « and y. In addition, we
suppose that u is time independent, that is

u(2)
u=|v(z) (12)
0

Wind stress 7 is horizontal and with constant components 7; and 7o,

T1
T= |7 (13)
0

The ocean is incompressible, so Eq. and are satisfied.
According to ((12)),

Du Ju _ Ou n ou(z) ov(z) a0

Tl T PR PR P
Eq. can be simplified as
p(f xu)=—=Vp+pg+puViu (14)
Recall that
0 0
f=10] andg=| 0 (15)
f -9
Eq. can be rewritten as (using |12 and
—pfv=—pg + pu.. (16)
pfu= —py+ pvz. (17)
0=—p.—pg (18)

Using boundary condition at z — —oo, u — ug (constant) and u,, = 0,v,, = 0.

Hence,
_pfvg = Pz (19)

pfug = —py (20)

Substitute and into and , hence

_pr = _pfvg + HUzz (21)
pfu=pfug+ pv.; (22)
Define
w=u+iv eC, wy = uy + vy € C, T=1+im €C

Eq. (22)-i(21)), we could get

pf(u+iv) = pf(ug +ivg) + p(vez — tuzz)



w=w, + i(v — i),

pf

. i
(u+1iv),, = wy —

-
i K
of

pf

W= Wy — Wy,

.12
B _ﬂdw
W = Wy pfidZQ

According to the boundary condition at the surface z = 0,

du
T=pu—
: dz z=0
With a complex form, hence
dw
T =
K dz|,_,

Try a solution
w(z) = wy + Ae**

Use , we could get

d
1 w(z) = pANMN g = pAN =T
dz z=0
hence .
A= —
UA

Substitute into , hence

wy + AeM = wg — ;—'L}Ax\ze)‘z

:>)\2:—P—f:ﬂ
i op

With the boundary condition z = —oo0, w(z) — w,, hence

A= (1+14) rf (choose the root with positive real part)

2p

Substitute into , we have
T 2u

p(L+i)Vpf
At last, if we plug and into , we could get

T 2u ~ |ef
w(z) = wy + M\/;exp <(1 + z)\/;z>

(23)

(24)

(25)

(26)

(27)

(28)

(30)

(31)

According to the assumption that there is no current at the depth of ocean, so wy = 0 as 2 = —o0,

hence (32)) can be rewritten as

= T 2—'“ X 7 ﬁz
w‘”‘mm@”(“ )@>

The depth-averaged velocity is

W = /Ooow(z)dz = /OOOM\/Zexp ((1+z)\/£z> dz

z2=0
_ T i
— 7 p <(1 -‘rZ)\/;Z) s
_ T _ T
ipf pf

(32)

(33)



Hence in NH (f > 0):
(a) The depth-averaged velocity W is about 90° to the right of the wind stress.

wl _ T \/ﬂ_(l—i)r\/m
T u+ Vs 2w Vof

so the wind driven currents at surface is 45° to the right of the stress, and the depth-averaged
velocity W is 45° to the right of the surface currents.

(b) The surface current is

Waves in an isothermal atmosphere: Show that the density p in an isothermal atmosphere can be
written as

p = poexp(—2az)
where pg is a reference density, z is the vertical coordinate and « is a constant to be determined.

Starting from the linearised equations of motion in the large Rossby number limit (R, > 1), show
that the propagation of small amplitude internal waves in an isothermal atmosphere is governed by

(Waz + Wyy + Waz)t + N (wee + Wyy) — 2wz =0 (*)
where the square of the buoyancy frequency is
—ads
N? = fg—p = 2ag
p dz

From a wavelike solution of equation @ of the form
w = exp(az +i(le + my + kz — wt))

for real I, m,k and w, determine the dispersion relationship for the wave. For given horizontal
wavenumber kj, = (12 +m?)'/?, evaluate the maximum wave frequency wWmaq.

Comment on the case o — 0.

Solution: Suppose at the reference level, z =0, p = pg, T = Ty. According to the hydrobalance,

dp _
dz P9
According to ideal gas law,
p = pRT
hence
dp g q
— =———dz
p RT

dlogp:—d%z

Integrate from pg to p (from 0 to z), then we could get

_ g
P = Po eXp(—ﬁz)

Define oo = 5=, hence . (=20)
p = poexp(—2az

As the Rossby number Ro > 1 and consider a inviscid flow, so equation could be rewritten as

Du
=_V 34
th p+pg (34)

Because the atmosphere is isothermal, so

Dy _

Dt*O



V-u=0

Consider a static state u = 0, p(z), p(z), with small perturbation v’ = (u,v,w), p’ and p’, we write
it to

put+p, =0 @
i +p, =0 @
pwi+p, +pg=0 @
Up Fvy+w, =0 @
pr+wp. =0 ©®

The buoyancy frequency N is defined as

Use G and ©®), hence

A =
powet + Py + prg =0

Combine above two equations, hence

po(we +wN?) +pl, =0 @

®z+@y — / /

Use @), hence
Uy + vy =—w, O

Plug @ into ®),
—pWat + Py + Py =0 O

@zz + @yy - @zt =

P(Waz + Wyy e + ﬁNz(wzz +wyy) = (=PpWaztt — Prwaee) =0 O

According to ©),
pz = —20p

Hence the equation ) becomes

(Waz + Wyy + Waz )t + N (wee + Wyy) — 2wz =0

Plug the wave-format solution w = exp(az + i(lx + my + kz — wt)) = e eileTimytikz—ivt jng,
governing equation, hence

W2 4+ m? 4+ E* — o® 4 2ika) — N2(I> + m?) + 20w (a — ik) = 0

9 N2(I? + m?)
w- =
2 +m? + k? + o?

For a given horizontal wavenumber kj, = (12 +m?)'/2,
N
kX + k2 +a?
Because the « is constant, so when k£ — 0,

> N2k,
max kz + 2



Nk,
Vi +a?

Wmaz —

When a — 0,
w2 NQ(ZQ + m2) .
l? _|_m2 + k.?
If 12 + m? > 1, that is short wave length case, then w — N.

Conservation of potential vorticity: Write down the equation describing conservation of potential
vorticity in a homogeneous, rapidly rotating thin fluid layer of varying depth H. Give an interpre-
tation of this equation.

Fluid in a large rotating laboratory tank represents the ocean and occupies the region z > 0,y > 0,
where the x axis points due ’east’ and the y axis due 'north’. The ’coasts’ along x = 0,y > 0 and
y =0,z > 0 are vertical. Fluid depth H decreases slightly northwards so that

H(y) = Ho/(1 + sy)

where s and Hy are positive constants and s is small. A current, having uniform velocity U, flows
steadily from the far east towards the north-south coastline. Using the concept of conservation of
potential vorticity, and justifying carefully any approximations you make, show that a streamfunc-
tion satisfying

V2 — By = —BUy

will describe the current. You should determine the value of the constant B, and comment on the
analogy between this laboratory flow and real oceanic flow on a §-plane.

Assuming that ¢ may be written in the form

¥(z,y) = yo(x)
determine boundary conditions for ¢, and find the flow field. Sketch the streamlines (lines of con-

stant) and comment on the structure of this flow.

Solution: The conservation of potential vorticity is

D (¢+f)_

Dt\ H )
The f is the planetary vorticity, which is a component due to earth rotation, and { is a component
due to rotation of fluid respect to the earth. f remains nearly unchanged in a fixed area, so if H

increases, the ¢ will increase, indicating the rotation will be speeded up. Instead, if H decrease, the
¢ will decrease, meaning that the rotation will decrease.

Define the stream function ¢ that satisfy

u=—vy, V=1,
hence the vorticity ¢ becomes
(= 0y — Uy = Pyp + Py = V70
In the lab, the f is nearly unchanged, so f =~ fy. According to conservation of potential vorticity,

5 () A (2

Y (35)

Because s is very small and if we assume the Ro is very small, that is ¢/ fy < 1, hence can be
approximately rewritten as

D (V) + fo+sfoy\ _

D1 ( , ) =0. (36)
Note 5* = sfy, hence ,

D (V% + fo+ 5y

> < L ) 0, (37)



which is similar to flow on the S-plane.

A&
Ly (V)4 (V) + B =0

Plugging the V2¢ = By — BUy into the , hence

By — ¢y Bipy + 0 B(¢hy —U) + ", =0

Here v is not a function of ¢, hence

—BU + * =0,

hence g ;
SJo

B = —_— = —

U U

If ¥(z,y) = yo(x), hence
U = _wy = qf)(.’L’),U = wx = y(;S(l‘)x

As we know, u = U when = — 00, so

o(x) = U + Ae™*,

where A is a constant to be determined.

VY = Yga + Vyy = Yaa
Plug and ¥(x,y) = yo(z) into the equation of v, hence
¢zz — Bo + BU =0,
Plug the equation , we have

k*Ae=* — BU — BAe " = —BU,

_JB_./3h
k=vB= o

Hence, the stream function is

v(x,y) =y (Ae*‘/gw + U) =y (Aexp (—ﬁx) + U>

1000 _Stream function: ¢(z,y) =yé(z) _
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Figure 2: The streamline of the flow.
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In the far east, the velocity v (in north-south direction) is nearly 0, and the velocity u (in west-east
direction) is close to U. When the flow gets close to the north-south coast line, the v will increase,
and the u will decrease.

Waves and dispersion relations: The dispersion relation w(k) for capillary gravity waves on deep
water is
w? = (g+okHk

where ¢ is the surface tension divided by the density. Evaluate, sketch and interpret the relation-
ships for the phase and group velocities as a function of wavelength.

Solution:
From the dispersion relation, we could get

w=1+/(9+ ck?)k

The wavelength is

2
A= —
k
hence 5
™
k= —
A

The phase velocity is

The group velocity is

Ow g+ 30k? 1 /g . ok 1 /gX n 2mo n 2ro Cp n 2ro
Cg=—=— = T okt —— = [ =P
90k 9 [(g+ck2)k 2V Ek ,/% +ok 2V 27w A A 2 Acp

g 2no
27 + A
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Figure 3: The group and phase velocity of capillary wave.

From the figure 3 we could see that the group velocity and phase velocity is equal at the minimal
of the phase velocity, indicating there is no frequency dispersion at this wavelength.
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7 Waves in a moving fluid: Consider waves in a horizontal (non-rotating) channel of depth H filled
with a stratified fluid of uniform buoyancy frequency N moving at a constant velocity U.

[Hints: Use the appropriate dispersion relation and consider solutions of the form exp(ikz + imz —
iwt). Since the fluid is moving, the angular frequency must satisfy w = Uk (justify this physically).
Consider the restrictions placed on the vertical wavenumber m by the boundaries z ~ 0 and z = H.]

Use the dispersion relation to explain the importance of the parameter
G=NH/U

in determining which vertical wavenumbers are allowed as solutions when the waves are excited by
a small two-dimensional obstacle on the bottom of the channel. Discuss in particular the difference
between the cases G < 7 and G > 7.

Soluion:

Linearising the equation , hence

Du
p<Dt+f><U> =—-Vp+pg

We only consider x and z directions. Consider a basic state u = (U,0),p = p(z),p = p(z) with
perturbation p’, v’ = (v/,w’) and p’. and put them all into the governing equations, hence

puy + pUug +pl, =0
pwy + pUwy, +p, +p'g =0
uy, +w, =0

pr+Upy +w'p. =0

CRCECHGC]

The buoyancy frequency N is defined as

D, and use @ (u, = —wl,) =

z
—pwly — pUW,, +poe =0 ©

Use @ and ©), hence

N2
pi+Up;—w’Tp° =0

gpi +Ugp, —w'N*p =0

@ =
pwiy + pUwg; + ply + prg =0

@z -
Wy + pUW,, + ply, + g =0

Combine the three equations above, hence
plwy + U, +w'N?) + Up(w), + Uwl,) +ply +Up. =0 @
Do = 0. —UO,., =
(Wop + Wl e + Ny +2U (W, + W, )at + U (W + WL, )za = 0,

that is )
0 0 / / 2,/
Try a solution w’ = wg exp(ikz + imz — iwt), and plug into @), hence the dispersion relation is

(k* + m*)w? — N?k? — 2Uk(k* + m*)w + Uk*(k* + m?) = 0

11



N2j?
2 _
WU = e

Because the w/k is the phase velocity, which equals to the velocity of the moving current U, so
w = Uk.

Considering a steady state in time, that is w = 0, the dispersion relation becomes
N2 = U?(k* + m?). (41)

According to the boundary conditions at z = 0 and z = H, the w’ = 0, so the m satisfies that

m=r, n=123 . (42)
Plug into , hence
N2H?
G? = = H?E? + n’n?, (43)

Therefore, G is a dimensionless value, which will determine the vertical wavenumbers.

If G < 7, it means that k could be a complex number with imaginary parts, e.g, k = ki + iko,
indicating that the wave could be possible unstable (if k2 < 0) or decay (if k2 > 0) in « direction.
Another possible result is that n = 0, that is m = 0, showing that the flow doesn’t have vertical
wave.

If G > , it’s more likely that the wave have horizontal and vertical components.

Laboratory analogues: It is desired to study the lee waves associated with the flow of a wind of
10m - s~! past a hill in an isothermal atmosphere at 300K, by towing a 1 : 10* scale model of the
hill at 50 mm-s~! in a channel in which a uniform vertical salt gradient has been established. If the

channel depth is 200mm and the water at the top is fresh, what should be the salt concentration
(expressed as mass of salt per unit mass of water) at the bottom?

[Hint: consider the interpretation of G in the question above]

Solution: According to the Prob 7, the H = 200mm = 0.2m,U = 50mm - s~ ' = 0.05m - s~ 1.
The buoyancy frequency satisfies that

N2——g@
pdz
Recall that G is
g=NH _ | g9dpH
U pdz U’
hence,
dp 77G2U2_
dz  gH? P
dp G2U2d
PR Eh
_ G?U?
:>d10gp:—digH2 Z,

With the boundary condition at z = H,p = p,, where p,, is the density of fresh water, that is
1000kg/m3, hence

G?U?
P = puw €Xp < I (ZH))

So the density at the bottom py is

G?U?
pb:PweXP( oI > z=0.

Hence the concentration of salt is

_ P = Puw 1

R )

Assuming the critical point for G is G = 7, hence r = 0.0125, that is to say, the concentration of
salt at bottom is 12.5¢g salt per kg salty water.
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