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SECTION A

1. (a) Putting ¢ = Welketly—w) jinto
fvzw +h5 w
gives
—iw(—k* —1?) +iBk =0,
and thus the dispersion relation is
__Bk
k2 +12

These kind of waves are Rossby waves.
Phase speed in zonal diection is

and group velocity in zonal direction is
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Therefore, the relation between group and phase velocity is
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(b) (i) The Boussinesq equations are valid for the fluid where the variation of density is very small
compared to the mean density, and hence they are more likely to hold quantitatively in
the ocean rather than atmosphere as the density variation is relative small in ocean.

(ii) If the fluid is in geostrophic and hydrostatic balance, then the following equations
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In particular, the horizontal momentum equations can be rewritten as

folA{ Xu=-V,¢,
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where wu is horizontal wind and V, is horizontal gradient. Thus the horizontal gradient of
buoyancy is (applying % =)

and hence it is associated with a vertical shear of the horizontal wind.
(© ou 0P
E—fv—i-a—x:O, (1a)
%+fu+2—j=0, (1b)
e (G g =0 (10)
If the solutions for u, v and ® have the form
(u, v, ®) = Re{(, 0, ) expli(kx + ly — wt)]},
then putting them into (] gives
—iw  —f ik U
o —iw il v | =0. (2)
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To get non-trivial solutions, the determinant of matrix in should be 0, that is
—iw(—w? + ®ol?) + f(—ifw + Dolk) + ik(if Pyl — Pokw) = 0.
Therefore, the dispersion relation for this system is
w{w? = f2 =@ (K*+1%)} =0. (3)

The first root for dispersion relation is w = 0, which gives a time-independent flow corre-
sponding to geostrophic balance in . The other two roots are the solution of

w? = 2+ &g (K* + 1),

and the corresponding waves are Poincare waves.

(d) (i) If a parcel is displaced poleward (i.e. y increase), the planetary vorticity f(= fo+ By) will
increase. As ¢ is conserved and g = ¢ + f, so the relative vorticity ¢ will decrease when
the parcel moves northward (f increased).

(ii) The poleward moving will lead to the decrease of relative vorticity, which gives rise to the
velocity field that advects the parcels westward (shown in Figure . As a consequence,
the Rossby waves propagate to the west.

Figure 1: Illustration of parcel movement, and dash line indicates new position.



SECTION B

(a)

(b)

(c)

- fov=— M, %-Ffou_—@
Dh e, _
Bhin(ge+5)=0

From ¢ = H%, we obtain

C/‘f'fo

H 4
Q=n Q)
where @’ is a perturbation of ¢ and it is conserved, that is
Q' /
. =0. 5
5t +u-VQ (5)
Plugging h = H + h’ into gives
!/
Ql C + fo — C + f/O (6)
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In addition, |h'| < H gives % < 1. Considering fo > |¢’[, hence (6]) becomes

n foh
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where
hl
¢ = - fo (8)
Putting and into , we obtain the hnearlsed potential vorticity ¢’ satisfying
aq’
— =0. 9
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In the geostrophic balance, we have
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and given that
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so the ' and v' become
v = aj u = 8¢
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Therefore, ¢’ could be written as
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Put and into , we could get
h 13 1
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where Ly = VH/ fy.

Putting the into the initial potential vorticity and considering the flow will remain uniform
in y direction, we obtain

Py 1 _{ —fohly/H z<0 13)

97 T2V foh/H x>0
Substituting the solution form

v = —A(l—e®B) z>0
N +A(1—e’“'/B) x<0



3. (a)

(b)

into , for z < 0, we can get

—fr+ 15 =0 B=+L,
LA _ _fohhy T g fohoga _ hy
Iz~ H — H YdT fo

Considering the streamfunction and velocity can’t be infinite at the x = —o0, so we choose
B=L;= \/ﬁ/fo when z < 0. In addition, they also satisfy the solution for x > 0. Hence,
h/
A:fi, B=1Ly=YH/f.
0

If the flow is in geostrophic balance, the Coriolis force term is balanced by the stress gradient,
then we have
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where vy and u4 are geostrophic velocities. Noticing that f = fy + By, + gives
Oug ~ Ovg 0% ¢
/ ( Oz + 8y> + v = OyOx + 0x0y =90
and therefore we could get
Oug ~ Ovg
279 4 279 — . 1
f(3x+3y) Bug (15)
Putting (14a)) and (14b]) back into (E1), that is
0¢p Oy 0¢p Oty
Bl —fo=—22 =242y
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we have 5 9
T T,
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and then we can obtain
01y _Ory,
(E2) f(vg—v)—az, f(u—ug)—a.
Rewriting (E2) in the vector form gives
or
_ = 1
£ x (=) = 57, (16)

where u = (u,v),uy = (ug,vy) and T = (7, 7). Integrating from the bottom to top of
the Eckman layer, we obtain
0 or

fxM, = 7HE$dz:TT_TB’ (17)

where M, = fEHE (u —wu,)dz is the agostrophic transport, and 7,. and 7, are the wind stress

at the top and bottom of Eckman layer respectively, with value 7, = 79 = (740, 7y0) and
7 = 0. From we could get

1
M, = ?k: X (1, —T5),

1
= M, =-kxT,,
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which is at the right angle of surface stress.



(c)

o= [ (8) -3 (7)) - L o
E= g\ )5\ )|~ o

ox \ f oy \ f —ue [’
The mass continuity is
ou Ov  Ow
— + —+ —=0. 18
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Integrating the mass continuity equation over the depth of the Ekman layer, we have
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From (E2) we could get
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Combining them with mass continuity equation gives
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Integrating the above equation gives
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Hence, becomes

(d) Cross-differentiating equations (E1) gives

ou Ov 0 (0ry, O,
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and combining the mass continuity equation (L8)), we obtain
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Integrating the above equation from the ocean bottom H, to the surface and considering the
vertical velocity is zero at bottom and surface of the ocean, we obtain
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