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1. Vertically propagating Rossby waves
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Solution: Assuming that
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and putting it into ¢ gives
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In addition,
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j 2 2y 0o : 2 2, f8 o .
iw (k +1 +ﬁm ) —@kU(k +1 +mm ) +ikB =0,
hence o
w=~kU —

These waves are three-dimensional Rossby waves.

Calculate the vertical component of the group velocity for such waves.
Solution: The vertical component of the group velocity is
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and combining @ and gives
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where A = f—;
If upward wave propagation exists, then m # 0, indicating that the poleward eddy bouyancy
flux vb # 0.
(d) Noting that w = ck, and putting it into 4| we obtain
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For stationary waves, ¢ = 0, then (7)) becomes
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For waves to propagate upwards we require that m? > 0, and from we obtain
B
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2. Ekman layers
The Ekman-layer equations are
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(a) We could rewrite () and in the vector form, that is
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where u = (u,v), T = (73, 7y). In the Eckman layer itself we have

or
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Integrate from the bottom to top of the Eckman layer, we could obtain
0
0
fxM, = FTdZ:TT—TB, (13)
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where M, = fi) Hy s dz is the agostrophic transport, and 7, and 7, = 0 are the wind stress
at the top and bottom of Eckman layer. From we could get
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which is at the right angle of surface stress.



(b) The mass continuity is

u, v, ou
Jdr Oy 0z

If we rewrite the velocity into sum of interior geostrophic part and a boundary layer part:

= 0. (14)

U=Ug+ Uy, V=g + Vg, (15)
and they satisfy that
—fu, = _9¢ (16)
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where f = fo + By. We could obtain that
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With , the mass continuity equation becomes
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- —— — =0.
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Integrating it from the ocean bottom z = —H, to the surface z = 0 gives
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From we get the divergence of agostrophic velocity satisfying
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where 7,0 and 7,0 are the components of stress at the surface.
Plugging u,, v, and into , we obtains
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Combing and and integrating from bottom to the surface of the ocean, we obtains
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(d) Because f = fo + By is not a function of z, so could be rewritten as
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From we could get
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Hence,
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which means that the two equations and are nevertheless consistent.

3. Rossby waves and jets

(a) Show that if there is a source of Rossby waves at any given latitude in the Northern Hemisphere,
we expect that eastward flow will be generated there. Your answer will involve relating flux of
momentum in Rossby waves and relating it to group velocity. How does your answer differ in
the Southern Hemisphere?

Solution: The stream function for quasi-linear Rossby waves is

w = Re Oei(km—i—ly—wt) — Re Cei(kx+ly—kct)
where C' = a + b is a complex constant, a,b € R. The dispersion relation is
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supposing that there is no medional shear in zonal flow. The meridional group velocity is

dw 2Bk
ol - (k2+l2)2.
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The velocity variations associated with the Rossby waves are
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Because the energy travels at the group velocity, so the ¢4 will be away from the source region.
In the northern hemisphere, ¢ > 0 (kl > 0) in the north of the latitude where the disturbance
occurred, and ¢ < 0 (kl < 0) in the south of the latitude. Therefore, wv < 0 in the north of
the latitude, and wo > 0 in the south of the stirring source, indicating

ouv
e < 0. (25)
The momentum equation is
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Taking zonally average of the above equation,
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(b)
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Put into (26]), we could get
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hence there will be eastward flow at the given latitude.

In the southern hemisphere, the eastward flow will also be generated.

Consider two interacting Rossby waves in a single-layer barotropic fluid. Each Rossby wave
generates a wave with a velocity amplitude of 10ms~!. Being explicit about the assumptions
you make, what is the acceleration of the mean flow? How long will it take to generate a mean
flow of 20ms=1?

4. Geostrophic adjustment with a velocity jump.

(a)

(b)

Linearized potential vorticity in shallow water system.
Solution: The potential vorticity conservation is

0Q’
ot
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where Q' = (’Zf()’ h is the depth of the fluid. In the linearised case with constant Coriolis
parameter, the Q' could be rewritten as

¢+ fo
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where H is the mean thickness, and k' is the deviation free surface height. We can write
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because fo > |('| and H > |I/|, so h'/H close to 0, and H% ~1— % In addition, if we
T
neglect ¢('h'/H, the Q' could be rewritten as
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Put the and ¢’ into the , we could get
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noting that fy is a constant, so the dfy/0t = 0 and V fo = 0. In addition, the advective term
u - V¢’ us second order term in perturbed quantities and so is neglected. Hence becomes
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which is the linearized potential vorticity conservation with ¢’ = ¢’ — foﬁ/.

Solution: In the geostrophic balance, we have
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so the u and v become
W
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Therefore, ¢’ could be written as
_Ov Ou 0%y 0%y

/ o _ Yy LYY g2
C_&T Oy  0x2 * Oy? VY.

Put and into , we could get
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where Lq = v/gH/ fo.
Solution: In the initial state, n = 0,u = 0, and
V0, x>0,
v(z) = vosgn(z) = { o 2 <0,
so the potential vorticity is
n v Ou Osgn(z)
q C fOH C O 8’y Vo Oz Vo (-’17),

where 6(z) is Dirac delta function.

Put into (34) (where ¢/, (', h’ are q,(,n respectively.), hence becomes

V3 — %w = 2090().
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If we only consider x direction, we have
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Suppose that
P(x) = tho " +C,
where 1 and C' are constants, and put it into (38)), we could get
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If x #0, 0(z) = 0, hence
1
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and C' = 0.

In order to get a stable solution, k = — -
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We can calculate the derivation of v, that is
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Yo
220 =9
Ld o,
o = voLa,

hence

Ed]

(x) = voLge Ta .

7~ when z > 0, and k = % when z < 0, that is
d d

(34)



(i) Find the equilibrium height and velocity fields at ¢ = oo in the linear approximation.
Solution: According to the definition of ¥, i.e. , the height 1 here or (A’ in ) is
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For the velocity,
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(ii) What are the initial and final kinetic and potential energies?
Solution: The height is 0 in the initial state, so the initial potential energy is 0, that is

PE; =0.

In the final state, the potential energy is
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The kinetic energy in the initial state is

1 <y
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but for the final state, the kinetic energy is
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5. Geostrophic Theory

(a) The potential vorticity equation for shallow water is

DQ DC+f
Dt pi w0 (40)

where f = fo + By. @Q could be rewritten as
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where || < H and |By| < fo, and terms —3y++ and —( 4+ are neglected. Put it back into the
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In the geostrophic balance, we have
_On _ On
fon*gafyv fovfgaf
and if we define n
Jfo



(b)

so the u and v become
W
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Therefore, ¢ could be written as
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Put and into , we could get

2
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Plug into , we can obtain
D D DBy D
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Solution:

The momentum equation in shallow water system is

%—?—i—zrVu—i—fxu:—gVn, (46)

where 7 is the surface height of shallow water. The mass continuity equation is

Dh

U AV u=0

Di +hV-u ,
here we suppose the bottom is flat (that is 1, = 0), then the total fluid thickness is n = h, and
we have D

et cw =

Dt +n7V.-u=0.
If we rewrite n = H + An (H is the mean thickness, ), and multiply 1/H at both sides of the

mass continuity equation, it will become
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14+ =2 u=0. 4
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We assume the scales of velocity, length, and time are

L
~ L ~ U t~ —.
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In geostrophic balance,
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(2,9) = L@:9),  (u,0) =U(@8,0), t=7h (48a)
L? L?
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Putting the scales into and 7 we obtains
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L\’ Di L\
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In large scale movement, we assume that Ro < 1 and the scale of the motion is larger than

the deformation scale, that is L?/L?% > 1. We also assume that Ro L?/L2 ~ O(1). Hence if
we write in non-scaling form, and will become

Jxu=—gVn,
Dh

After some manipulations, the above equations could be rewritten as

D (f\ .
Dt(h)o’ fxu=—gVn.

The differences between the derivation of planetary geostrophic equation and quasi-geostrophic
equations are that we assume the motion is significantly large than the deformation scale, that
is L? > L2 in planetary geostrophic equations, but which doesn’t hold in quasi-geostrophic
equations.

6. Western boundary layers

Consider the barotropic vorticity equation in the form

0

O I0.Q)+ B = ¢+ UV Flay) 1)
where ¢ = V2, v = 0v/0x, r and v are constants, and the flow is two-dimensional. We suppose the
fluid is contained in a square container of side a, with0 < z < aand 0 <y <aand F = —Asinny/a

where A is a constant. We expect that the nonlinear term and both frictional terms are ’small’,
and we are interested in steady states for which 9¢/0t = 0.

(a) Nondimensionalize these equations, and obtain estimates of the sizes of each term. State ex-
plicitly the conditions under which each of the frictional terms, and the nonlinear term, are
indeed small.

Solution: (51 could be rewritten as

0 8 8
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Rescale the variables by setting

(o) =U(@,0), w=ob, y=oj t=1i C=-C y=aUi,

where the hatted variables are nondimensional and has the O(1) order. Equation becomes
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The advective term of vorticity could be neglected if the ratio
U2
4= = — < 1.
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The nonlinear term vV?2( is small comparing to the 3-effect if
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The frictional term —r¢ could be neglected if
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(b) Neglecting the nonlinear term and both frictional terms, obtain the solution to ﬁg—i’ = —Asin(wy/a).
Can this solution satisfy the boundary conditions needed if the frictional terms are present.
Explain briefly.

Solution: Integrate at the both sides of ﬁg—f = —Asin(nwy/a), and we obtains

ﬂ/%dx:/—Asin(ﬂy/a)d%

= Y(z,y) = *%x sin(my/a) + g(y),

where ¢(y) is an arbitrary function of integration that represents an arbitrary zonal flow.

If we assume ¢ = 0 at x = 0, then
9(y) = 0;
If we assume ¢ = 0 at z = a, then g(y) should be

g(y) = % sin(ry/a).

Hence

Y(x,y) = f%x sin(ny/a) or Y(z,y)= g(a —x) sin(wy/a).

If frictional term exists, then it is

0? 0? An?

I think it doesn’t satisfy the boundary conditions needed by frictional terms, because frictional
terms should be largest at boundaries x = 0 or x = a, but small in the interior of the ocean.

(c) Suppose that v = 0, and neglect the nonlinear term, and assume that the term r¢ is indeed
small but nonzero. Show that we can expect a boundary current on one side of the ocean
(which?) and estimate its thickness.

Solution: If v is small, and the non-linear terms are neglected, then equation will becomes

N 2
% =-rV ¢+F(Jj7y)7

N ﬂ%} = —rV?%) — Asin(ry/a).

B

Assume 1) = ¢ + ¢, where ¢ is a boundary layer correction, and 1y will satisfy the Sverdrup
balance, we will have

Ba(wéi;(b) = —rV2(¢Yr + ¢) — Asin(ry/a).

= ﬁ% +rV2(¢r + ¢) = 0.

With the scale analysis, we have

9¢
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r 92 82q3 82<£ B
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822 a5
Because the boundary layer correction ¢(&,¢) will vary rapidly with &, so we stretch the

Z-coordinate and let
T=ex or IT—1=eaq, (56a)

1 1
O<a< -, or —-<a<0, (56b)
€ €
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(d)

where € is a small parameter and « is stretched coordinate. We only suppose the ¢ will be
o(a, §), hence becomes

1 8(;5 9 1 0% 0«
\Y =0. 57
cda " Pa ( Vit g t g (57)
We choose € = 5a, hence the leading-order terms in (57) will be
@ + 87(23 =0
da?  da

the solution of which is

¢ = AH) + B(he .

The solution indicates that ¢ will decay in positive o direction when o > 0, and we don’t
choose the solution when a < 0, for it will grow exponentially. Therefore, z = ea will be
chosen, which means that the boundary current will appear in the western side of the ocean.

If we set A(y) = 0, and with dimensional variables the ¢ is
¢ = Bly/a)e """
If we choose r(z,y) = %(a —z) sin(my/a), the ¢ satisty
Y=yYr+¢=0 at x=0,
then 4
¢ = _Fa sin(my/a)e /",
and we obtain

A
Y=3

Now suppose that » = 0, and neglect the nonlinear term. Estimate the size of the boundary
current that now arises.

(a —x — ae™®P/") sin(ny/a).

Solution: If » = 0 and the non-linear terms are neglected (v # 0), then
then equation will becomes

6671/} - VZ (V2¢) = F(J?,y),

— Bip —vV? (V) = Asin(ry/a),

oty oty ot .
= B v (84 gt 28m23y ) = Asin(ry/a).

Assume 1) = ;1 + ¢, where ¢ is a boundary layer correction, and v, will satisfy the Sverdrup
balance, we will have

00 (s gy 1 0%, 20, 96\ _
Oox V<V (v ¢1)+8x4+8y4+28x28y2 =0

With the scale analysis, we obtains

0¢ _ v <V2 (v2dr) + 09 00 o 09 >—0. (58)

& Pad ozt oyt 0120y?

Similar as what we have done in part (c), here we also stretch the Z-coordinate as shown in

equation . Put them into , we obtain

10 v 5 (o 19% 9% 2 9% \
coa f}S(V (V4r) + Ggas * a50 + 2 aaoge | =© (59)
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We choose

[v1 v 3
e= 2 Eg,(OrWZE)
hence the leading-order terms in will be
o6 _ 98 _
dat  da
the solution of which is .
¢ = A(y) + B(y)e”.

Here we will choose © — 1 = eq, that is to say in the eastern boundary.
If we set A(§) = 0, and with dimensional variables the ¢ is

¢ = Bly/a)el"= "/ VVI7,
If we choose ¥r(z,y) = —%x sin(my/a), the v satisfy

YvV=yYr+¢=0 at z=naq,

then )
o= Fa sin(my/a)el ™=/ VvlB,

and we obtain A
Y= 3 (ae(m_“)/ Vv/B _ x) sin(my/a).
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