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1 Short introduction of two-box model
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Figure 1: The illustration of two-box model

As Figure 1 shows that we can see the whole earth as two boxes, the box 1 is the surface ocean and
above, and the box 2 is the deep ocean. The energy get into the box 1 are radiative forcing of top of
atmosphere(TOA), and the energy out from the box 1 include two parts, one is the radiative restoring
BT, and the other is heat exchange between the two boxes,H.

For the first box, we can get following equations:

cF‘Z—f = F(t)— BT —H 1)

where cp is the heat capacity of box 1, we can see it as the heat capacity of the surface ocean, and ( is
the strength of radiative restoring.
For the box 2, we can get

CDW =H (2)

where cp is the heat capacity of box 2, we can see it as the heat capacity of the deep ocean, and T is
the temperature of deep ocean.
For the heat exchange between the two boxes, we get

H=~(T-"Tp) 3)

where + is the heat transfer efficiency, which is Proportional to the temperature difference between two
boxes. For times before the deep ocean has changed substantially, we can set Tp = 0, so the equation
(3) can be reduced as

H=~(T—-Tp) =T (4)



If we substitute equation (2) and (4) into (1), we can get

ery = ()~ (54T 9
2 Derivation of two-box model

Now we want to solve the equation (5), and obviously it is a non homogeneous differential equation. As
we have learned from calculus, we should solve the homogenous equation first,
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cr—r =—=(B+7) (6)
and we can get
dr B+
— =— dt
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S0 we can get
_ Bty
T =Ke “r (7)

where K is arbitrary constant.
Now use method of variation of constant, that is to say, we see K as K(t), so K is a function of ¢
now, and is no longer a constant. So T'(t) becomes

B4y
T = K(t)e o' 8)
If we take derivative to ¢ on both sides, we can get
() = K' (e 5 = DY e 5 = ke S - B 9)
cr cr
and if we times cp in both sides of (9), we can get
Bt~y
crT'(t) = cpK'(t)e e ' — (B 4+ )T (10)
Comparing equation (10) with (5), we can get
Bty
crK (e ot = F(t)
1 B8
K'(t) = —F(t)e'sr * (11)
cr
Then integral in both sides of equation (11), we get
]_ Bt~y
K(t)= [ —F(t)er at (12)
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Equation (12) is a general expression of K(t), but as we can see from the blog, the author set
F(t) = const, so the K(t) can be simplified as follows

F Bty
K(t) = ecr "+ M 13
0= 5! ) (13)
where M is an arbitrary constant.
Substitute equation (13) into (5), we get
Bty _ Bty F _ Bty
T(t) = ecr +Me F'=—"(1+Me ©r
(t) BT 7( ) 51 )
Now we should calculate the unknown constant M, applying the boundary condition, whent = 0,7 =
0, so we get M = —1, and when t — 0o, T = B—L(balance state).
At last, we get .
Tt)=Fa(l—e"7) (14)

C

whereaz%mz%andgzﬁ—ky.



3 About the fast and slow component in the two-box model

In the two box model, I think the fast component means the box 1 becoming balance, and the slow
component means the box 2(deep ocean) getting balanced(Obviously it is a quite slow process).
When the box 1 gets balanced, from equation (5), we know that % =0, so we can get

F(t)— (B +7)T =0
So we can get TCS from last equation,

S _F)

TCS =T = =22
T (15)

When the box 1 and box 2 both get balanced, we know that %C = 0 and H = 0 (equation (4)), so the
equation (1) becomes
Ft)y—-0T=0

So we can get the Tgg from last equation,

Tpq = % (16)

So we can get
F(t)
TCR B+~ B

Tro 2 "B+

That’s why the author says in the Post 4 that the ratio of TCR to Tgq would be ﬁﬁ?
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